The absence of ghost-negative energy radiative modes in a proposed generalized theory of gravitation based on a non-symmetric metric is reanalyzed. The missing contribution of the symmetric sector of the Lagrangian is calculated and shown to be null. The ghost free character of the theory is then firmly established.
Introduction
In this paper we shall investigate in a more complete way the problem of the emission of gravitational radiation in a metric nonsymmetric theory of gravitation developed by one of us in a previous work [1] , herefrom referred to as I, which has not been adequately investigated in that paper. In a second paper [2] the solution of the field equations for a spherical point source was obtained together with its implications for the motion of test particles and light. The theory was shown to be consistent with the four classical solar tests of general relativity.
The sources of the field are the energy-momentumstress tensor T αβ and the phenomenological coupled matter fermion number current density S α = F n α , where n α = nu α is the fermion number density (n) current found in the description of the interior of stars and F is the coupling constant of the current to the geometry. The gravitational radiation comes from both of these sources, S α being the one connected directly to the antisymmetric part g [αβ] of the metric. In I it was claimed that the energy of the emitted radiation coming from the current source S α is positive definite. As the part coming from the stress T αβ has no problem, it was concluded that the theory is free of ghostnegative radiative modes which, as shown by Damour, Deser and McCarthy (DDM) [3] , were present in previous theories. However, in analyzing the radiation coming from the current source S α only a part of the Lagrangian, its antisymmetric sector, was taken into account leaving it open the question of what the contribution coming from the other part, the symmetric sector, might be. Here we complete this missing calculation showing that this last contribution is actually null guaranteeing in this way that the theory is really ghost free.
The field equations
The vacuum field Lagrangian of the theory is written in Eq. (I-5.13), here with the replacement
Here we use the notation X = √ −gX, where g is the determinant of g αβ whose inverse is g αβ as defined by g (2) symmetric, because the second term is (see below), is the analogue of the Ricci tensor, depending only on the symmetric part of the connection which is given by
where s αβ symmetric and with determinant s, is the inverse of g (αβ) as defined by 
and
The variation with respect to Γ σ (αβ) leads to the third field equation
which can be solved as in Eq. (3), and the last one leads to the fourth one, g [αβ] , β = 0.
3 The energy-momentum-stress tensor
Following DDM [4] , the idea behind the calculation is to expand the field Lagrangian in Eq.
(1) about a Riemannian general relativity (GR) background space with metric G αβ in such a way as to have the Lagrangian splitted in two terms, the one of GR and a second one containing the contribution of g [αβ] . This is done by writing g αβ = G αβ +ḡ αβ and expandḡ αβ =ḡ (αβ) +ḡ [αβ] in powers of the lowest-order antisymmetric part of the metric B αβ =ḡ (1) [αβ] which acts as a perturbation, keeping the expansion to second order
Here a and b are constants to be determined and indices are raised with the GR metric
With such an expansion the Lagrangian can be expanded as
where the first term is the Lagrangian corresponding to the GR background field with Ricci scalar R and L B is the contribution of the B αβ field, which acts then as a "matter" Lagrangian in the GR background field. In this formulation the B gravitational stress tensor T µν B is defined through the variation of the B action according to [4] 
All what we need is the B field Lagrangian to second order and that is why we stopped at that order in Eq. (8). To make a close contact with I we rewrite Eq. (1) as a sum of a symmetric sector plus an antisymmetric one,
(11) and consider the contribution of each term to L B . Only the contribution of the second term was considered in I, leading to a positive energy. Here we shall complete the calculation by investigating what the contribution of the first term is. Calling these contributions L 1B and L 2B we write
where according to Eq. (11)
Only this part of the Lagrangian was considered in I. To second order we see that this term is L
which is typical of a Maxwell field stress tensor if Λ < 0. This then leads to a positive energy contribution as ascertained in I. By the way, this result follows immediately from the relations δ
2B . Our problem now is to see what the contribution L 1B of the B field is. As it will be shown L 1B will give no contribution to the B stress tensor. We proceed with the expansion of the first term on the right of Eq. (13) 
Next, the inverse to Eq. (8) is 
is the contribution of the B field. Here a vertical bar indicates the Riemannian covariant derivative with respect to the background Christoffel connection. Knowing all this it is easy to write down the form of L 1B in terms of a and b. As each Γ is of order O(B 2 ) we see that the term √ −GG αβ U αβ coming from the expansion of the first term on the right-hand side of Eq. (13) is of fourth order in B, up to a total derivative coming from the two first terms of U αβ which does not contribute to the Lagrangian. To the desired second order the final result is
The last task before calculating the corresponding contribution to the stress tensor is then to determine the values of the two parameters.
Determination of the parameters
To achieve the determination of the two parameters a and b we make use of the solution of the field equations for a point mass source found in [2] and compare with Eq. (8) when properly expanded. The solution for g αβ corresponding to the static spherically symmetric arc element, given in standard form by
is
where M is the mass of the particle. The last nonzero metric components are
We shall now construct harmonic coordinates X α out of the standard ones x α = (t, r, θ, φ) following the same steps we encounter in GR [5] . These harmonic coordinates are the ones appropriate to radiation problems as we are now facing. The harmonic condition is here defined by the relation (g (αβ) (X)Γ γ (αβ) (X)) = 0 similar to GR. By a change to the coordinate x α this relation becomes, as shown in Appendix A,
Notice that as Eq. (6) gives the relation g (αβ) , β +g (αβ) Γ γ (αβ) = 0 similar to GR, the above expression can also be written as (g (αβ) X λ , α ) ,β = 0. We set
and look for the solution for R(r) from Eq. (23). Having this we can determine the arc element in terms of the new space variables.
and RdR = X i dX i we obtain
Having R(r) we will then be able to determine the parame- . In this way we obtain a second order differential equation for R(r) which we solve to first order in F 2 /r 4 only. We neglect the curvature terms that depends on M because the F dependence is all we need for the determination of the parameters a and b. We show the details of the calculation in Appendix B and quote here only the final result,
Plugging this in Eq. (25) together with the values of α and γ in Eqs. (20) and (21) without the M terms we find
Now, to lowest order, that is keeping only B 0i terms and no curvature contributions, Eq. (8) gives
Comparison with the metric components present in Eq. (27) shows that a = 1
and 
Appendix A: Harmonic relation
The transformation formula for g (αβ) (x) when we go to a new coordinate framex is
and for the symmetric part of the connection [6] 
which we solve for R to first order in F 2 /r 4 only. We neglect in Eqs. (20) and (21) the curvature terms that depends on M because the F dependence is all we need for the determination of the parameters a and b. Putting R = r + xF 2 we are led to the differential equation
with solution x = 1/4r 3 . Then, R = r(1 + F 2 /4r 4 ) as written in Eq. (26) 
